




















21.4 Lines, Line Segments, and Polygons 1125

(a) (b)

Figure 21.4.6. Is a point inside a polygon? (a) For a simple polygon, either the winding number, or the
Jordan curve theorem (even or odd number of crossings of a ray) can be used. (b) For complex polygons,
there is no simple test.

check whether the counter is even or odd. But if polywind as written returns 0, it
must have encountered the same number of increments as decrements, hence an even
number of crossings. And if it returns £1 (the only other possible value for a simple
polygon), it must similarly have encountered an odd number. So the two methods
are really the same.

What if your polygon is not simple? As Figure 21.4.6(b) illustrates, you are
in deep waters. Both the winding number method and the Jordan curve theorem
method will say that the upper point in the figure is inside the complex polygon
shown, and this seems intuitively correct. However, both methods will say that the
lower point is outside the polygon. Indeed, there are some self-consistent ways of
defining “insideness” for complex polygons that make this the case. The result is
so counterintuitive, however, as to be useless in most practical applications. It is
generally better just to avoid using the idea of “insideness” with complex polygons.

Classification of Polygons. We are now in a position to combine several of
the ideas already introduced into a function that classifies any polynomial as either
simple or complex, and (if it is simple) whether it is convex or concave, and whether
it is CCW (total winding number 1) or CW (total winding number —1).

Int ispolysimple(const vector< Point<2> > &vt) {
Classi es a polygon speci ed by a vector of vertex points vt. Returns O if the polygon is complex
(has intersecting edges). Returns 1 if it is simple and convex. Returns 2 if it is simple and
concave. The sign of the returned value indicates whether the polygon is CCW (C) or CW ( ).
Int i,ii,j,jj,np,schg=0,wind=0; Initialize sign change and winding number.
Doub p0,pl,d0,d1,pp0,ppl,dd0,ddl,t,tp,tl,t2,crs,crsp=0.0;
np = vt.size();
p0 = vt[0].x[0]-vt[np-1]-x[0];
pl = vt[0].x[1]-vt[np-1]-x[1];
for (i=0,1i=1; i<np; i++,1i++) { Loop over edges.
if (ii == np) ii = 0;
do = vt[ii].x[0]-vt[i]-x[0];

dl = vt[ii]-x[1]-vt[i]-x[1];

crs = p0*d1-pl*do; Cross product at this vertex.

if (crs*crsp < 0) schg = 1; Sign change (i.e., concavity) found.

if (pl <= 0.0) { Winding number logic as in polywind.
if (d1 > 0.0 && crs > 0.0) wind++;

} else {
if (d1 <= 0.0 && crs < 0.0) wind--;

}

p0=d0;

pl=di;

if (crs 1= 0.0) crsp = crs; Save previous cross product only if it has a

} sign!

polygon.h



21.5 Spheres and Rotations 1129

The volume V,, of the n-dimensional ball is equal to r/n times the area of the en-
closing sphere in n dimensions, and also has a simple recurrence,

Vi=2r (length of line)
Vo, = nr? (area of circle)
(21.5.6)
r 2mr?
Vo ==8n = Va—2
n
Closed-form formulas require a gamma function,
2 n/2
Sy = —nl il
(21.5.7)
27Tn/2
Vo = ——r
nl'(3n)

As n becomes large, the ratio of the volume of a ball to the volume of the
circumscribed (hyper-) cube rapidly becomes small,

V
2 0, n — 0o (21.5.8)
2n

21.5.1 Picking a Random Point on the Sphere

You don’t get a random point on the sphere in n dimensions by picking uni-
formly random values for the n — 1 angles in equation (21.5.2), just as you don’t get
a random point on the Earth’s surface by throwing darts at a Mercator map (or any
other non-equal-area projection).

An elegant general method is to generate n independent, identically distributed,
normal (Gaussian) deviates of zero mean, say yo, ..., Y,—1 (see §7.3), and then cal-
culate a point x on the unit sphere in n dimensions by

y

X = > (21.5.9)
lyl

or, in other words,

Xi= (21.5.10)

This works because the spherically symmetric Gaussian distribution in » dimensions
trivially factorizes into a product of independent one-dimensional Gaussians. If you
want a random point inside the enclosed n-volume, generate an additional uniform
random deviate u in [0, 1] and calculate the point’s coordinates as

(21.5.11)

You can of course scale to any other radius of sphere.





