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10.11.4 Path-Follo wing Methods
Path-following methodsdon't justaimstepsin thedirectionof thecentralpath;

they explicitly attemptto stay closeto it. Thesemethodsare currently the most
successfulinterior-pointmethods.In primal-dualmethods,thedualitygap(10.11.4),
which is equalto x � z for feasiblepoints,providesa �gure-of-merit for how close
oneis to theoptimalsolution.Accordingly, we set

� D x � z=n; � D � � ; � 2 Œ0;1• (10.11.12)

Thequantity� is calledthecentering parameter, while � is calledtheduality mea-
sure. If � D 1, theNewtonstepcalculatedfrom(10.11.11)is in acentering direction,
towardapointatwhicheachproductxj zj is equalto theaveragevalue� de�ned in
(10.11.12).On theotherhand,thevalue� D 0 de�nestheNewton stepfor theorig-
inal system(10.11.8).Goodalgorithmsuseintermediatevaluesto tradeoff between
improving centralityandreducing� .

Methodsthat keep� closeto 1, so that unit steps(� D 1) stay closeto the central
path,arecalledshort-stepmethods.Methodsthatallow smallvaluesof � arecalledlong-step
methods(lessconservativechoicesof � ). Thereis aninterestinggapbetweentheoryandprac-
tice betweenthemethods.Short-stepmethodshave beenprovedto convergein O.

p
n log 1

� /
iterations,where� is the desiredtolerance.Long-stepmethodstake O.n log 1

� / iterations,
accordingto theory. Yet in practiceshort-stepmethodstake hopelesslysmall steps,while
long-stepmethodsprovidepracticalalgorithms.

This is a somewhatacademicdiscussionanyway. Real-lifeexamplestake many fewer
thanO.

p
n/ iterations— afew dozenis typical for largeproblems.

10.11.5 Barrier Methods
Introducinga “penalty” functionis astandardtechniqueto enforceaconstraint

in generaloptimizationproblems. For example,to enforcethe conditionx � 0,
considerthelogarithmicpenaltyfunction

nX

j D1

logxj (10.11.13)

If any xj ! 0, this functiontendsto �1 . Soinsteadof trying to minimizec � x in
thestandardprimal problem(10.11.1),considerminimizing

c � x � �
nX

j D1

logxj (10.11.14)

If onetakesthe limit � ! 0 after theminimization,we expectthis to beequivalent
to theoriginalproblem.

Equation(10.11.14)is calleda logarithmic barrier function. It de�nesa family
of nonlinearobjective functionsthatgivesthesolutionto theoriginalproblemasthe
parameter� ! 0.

The power of the barrier function idea is that it lets us handlethe constraint
x � 0 with calculus.To minimize (10.11.14)subjectto theconstraintA � x D b,
introduceaLagrangemultiplier � y andextremizetheLagrangian

L D c � x � �
nX

j D1

logxj � y � .A � x � b/ (10.11.15)
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The optimality conditions rxL D 0 and ryL D 0 give

A � x D b

AT � y C �X�1 � e D c
(10.11.16)

Define the vector
z D �X�1 � e; i.e., zj D �=xj (10.11.17)

Then equation (10.11.16) becomes

A � x D b

AT � y C z D c

X � Z � e D �e

(10.11.18)

These are exactly the equations (10.11.11) defining the central path, and they reduce
to the KKT conditions (10.11.7) if we set � to zero.

Note that equation (10.11.16) can be used to define an algorithm, the primal
interior-point method, that doesn’t depend on z. Similarly, by starting with a loga-
rithmic barrier function for the dual objective function, one can derive a purely dual
method that doesn’t involve x. In practice, These methods are not competitive with
the primal-dual methods.

Originally the logarithmic barrier function idea played an important role in mo-
tivating interior-point methods. More recently, the viewpoint has shifted to empha-
size the importance of � as defining the centering property of the algorithm rather
than being simply a parameter to enforce the nonnegativity constraint.

10.11.6 A Primal-Dual Infeasible Interior-Point Algorithm
Let’s pull all the pieces together now to define the algorithm. Write equation

(10.11.11) for the new iterate:

A � .xC�x/ � b D 0
AT � .y C�y/C zC�z � c D 0

.XC�X/ � .ZC�Z/ � e D �e

(10.11.19)

Drop the quadratic term �X ��Z � e and get
2
4

A 0 0

0 AT 1
Z 0 X
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�rp
�rd

�e �X � Z � e

3
5 (10.11.20)

where the primal and dual residuals are defined by

rp D A � x � b

rd D AT � y C z � c
(10.11.21)

Equation (10.11.20) is simply the Newton equation (10.11.9) for (10.11.11). Note
that the only nonlinearity comes from the innocuous looking quadratic term for com-
plementary slackness. Yet it’s exactly what leads to all the difficulty!
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Figure 13.4.4. Leakage function W.s/ for various window functions. The top row is essentially the
same as Figure 13.4.2, but squared (to get power) and plotted logarithmically. The second and third rows
are examples of Slepian functions, identified by jres; k values. Small k values have exceedingly small
leakage for jsj > jres; but as k increases, so does the leakage. Shaded functions have unacceptably large
leakage and are not recommended.

MatDoub &dps;
Slepwindow(Int kkt, MatDoub &dpss) : k(kkt), dps(dpss) {}
Doub operator() (Int j, Int n) {return dps[k][j];}

};

void adddataseg(VecDoub_I &data) {
Process a data segment of length 2M using kT tapers.

Int k;
if (data.size() != m2) throw("wrong size data segment");
for (k=0;k<kt;k++) { Loop over tapers, initializing the functor

separately for each.Slepwindow window(k,dpss);
Spectreg::adddataseg(data,window);

}
}

};

We discuss the body of filltable, where the Slepian functions are actually computed, below.
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Figure 13.4.5. Slepian taper (window) functions for k D 0 (smallest eigenvalue) and jres D
2; 3; : : : ; 10, with N D 1024. Any of these, used by itself, is a good choice for the overlapping
data segment method; see text.

First, a few words about the use and misuse of multitaper methods.
The Slepian multitaper method is fundamentally about low leakage. The fact that it can

reduce the variance a bit by taking kT > 1 is only a secondary consideration, because there
are better ways to achieve the latter goal, for example by overlapping data segments. It follows
that you should never need to take jres or kT very large, greater than 10, say. Your logical path
for choosing parameters should be something like this: Leakage suppression of the Slepian
functions is so amazingly good that you can get to any plausible desired level for the first
few eigenvectors with modest jres. Find that value, and the largest acceptable value for kT .
The frequency resolution is now jres, measured in bins. You now pick M to get the physical
frequency resolution that you actually need,

fres D
jres
2M�

(13.4.20)

(compare equation 13.4.6). Don’t be too greedy, or you will produce an unacceptably large
variance. Now, if you have Ntot data points, you process Ntot=.2M/ separate data segments
using adddataseg.

It would be misguided to increase jres to a large value just to increase kT for the purpose
of variance reduction. The reason is that, for a fixed desired physical frequency resolution,
you will need to increase M in proportion, and thus decrease your number of separate data
segments, also in proportion. You thus gain nothing in variance reduction, and (potentially)
lose greatly in leakage.

If squeezing down the variance by the last little bit is important, then you might consider
using only the first Slepian function for a given jres, and then using overlapping data segments.
You can code this using Spectolap and Slepian as models. As jres increases, the optimal
spacing of overlapped segments decreases, as you can intuit from the narrowing central peaks
in Figure 13.4.5. A spacing of 0:7N=

p
jres C 0:3, that is, overlap of N � 0:7N=pjres C 0:3,

should be about right.

13.4.4 Computation of the Slepian Functions
We want to find the first few eigenvectors and eigenvalues of the tridiagonal matrix,

equations (13.4.18) and (13.4.19). ForN � 1 (always our situation), the eigenvalues are well
separated and approximately a function of jres only. A good starting approximation for the
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f1=d++;
f2+=twox;
pl[j]=(f2*pl[j-1]-f1*pl[j-2])/d;

}
}
return pl;

}

15.4.4 Multidimensional Fits
If you are measuring a single variable y as a function of more than one variable

— say, a vector of variables x — then your basis functions will be functions of a
vector, X0.x/; : : : ; XM�1.x/. The �2 merit function is now

�2 D
N�1X

iD0

"
yi �

PM�1
kD0 akXk.xi /
�i

#2
(15.4.24)

All of the preceding discussion goes through unchanged, with x replaced by x. In
fact, we anticipated this in the coding of Fitsvd, above, which can do multidimen-
sional general linear fits as easily as one-dimensional. Here is how:

A second, overloaded, constructor in Fitsvd substitutes a matrix xx for what
was previously a vector. The rows of the matrix are the ndat data points. The
number of columns is the dimensionality of the space (that is, of x). Similarly, the
user-supplied function funks now takes a vector argument, an x. A simple example
(fitting a quadratic function to data in two dimensions) might be

VecDoub quadratic2d(VecDoub_I &xx) {

VecDoub ans(6);

Doub x=xx[0], y=xx[1];

ans[0] = 1;

ans[1] = x; ans[2] = y;

ans[3] = x*x; ans[4] = x*y; ans[5] = y*y;

return ans;

}

Be sure that the argument of your user function has exactly the type “VecDoub_I &”
(and not, for example, “VecDoub &” or “VecDoub_I”), since strict C++ compilers
are picky about this.

The two constructors in Fitsvd communicate to fit whether data points are
one-dimensional or multidimensional by setting either xmd or x to NULL. This ex-
plains the oddity that x was bound to the user data as a pointer, while y and sig were
bound as references. (Yes, we know this is a bit of a hack!)

CITED REFERENCES AND FURTHER READING:
Bevington, P.R., and Robinson, D.K. 2002, Data Reduction and Error Analysis for the Physical

Sciences, 3rd ed. (New York: McGraw-Hill), Chapter 7.
Lupton, R. 1993, Statistics in Theory and Practice (Princeton, NJ: Princeton University Press),

Chapter 11.
Lawson, C.L., and Hanson, R. 1974, Solving Least Squares Problems (Englewood Cliffs, NJ:

Prentice-Hall); reprinted 1995 (Philadelphia: S.I.A.M.).
Monahan, J.F. 2001, Numerical Methods of Statistics (Cambridge, UK: Cambridge University

Press), Chapter 5.
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Now, to generate a step starting at x1, first generate a candidate point x2c by
drawing from the proposal distribution. Second, calculate an acceptance probability
˛.x1;x2c/ by the formula

˛.x1;x2c/ D min
�
1;
�.x2c/ q.x1jx2c/
�.x1/ q.x2c jx1/

�
(15.8.5)

Finally, with probability ˛.x1;x2c/, accept the candidate point and set x2 D x2c ;
otherwise reject it and leave the point unchanged (that is, x2 D x1). The net result
of this process is a transition probability,

p.x2jx1/ D q.x2jx1/ ˛.x1;x2/; .x2 ¤ x1/ (15.8.6)

To see how this satisfies detailed balance, first multiply equation (15.8.5) by
the denominator in the second argument of the min function. Then write down the
identical equation, but exchange x1 and x2. From these pieces, one writes,

�.x1/ q.x2jx1/ ˛.x1;x2/ D minŒ�.x1/ q.x2jx1/; �.x2/ q.x1jx2/�
D minŒ�.x2/ q.x1jx2/; �.x1/ q.x2jx1/�
D �.x2/ q.x1jx2/ ˛.x2;x1/

(15.8.7)

which, using equation (15.8.6), can be seen to be exactly the detailed balance equa-
tion (15.8.1).

It is often possible to choose the proposal distribution q.x2jx1/ in such a way as
to simplify equation (15.8.5). For example, if q.x2jx1/ depends only on the absolute
difference jx1 � x2j, as in the case of a normal distribution with fixed covariance,
then the ratio q.x1jx2c/=q.x2c jx1/ is just 1. Another case that occurs frequently is
when, for some component x of x, q.x2c jx1/ is lognormally distributed with a mode
at x1. In that case the ratio for this component is x2c=x1 (cf. equation 6.14.31).

15.8.2 Gibbs Sampler
An important special case of the Metropolis-Hastings algorithm is the Gibbs

sampler. (Historically, the Gibbs sampler was developed independently of Metropo-
lis-Hastings, see [2,5], but we discuss it here in a unified framework.) The Gibbs
sampler is based on the fact that a multivariate distribution is uniquely determined
by the set of all of its full conditional distributions; but if you don’t know what this
means, just read on anyway.

A full conditional distribution of �.x/ is obtained by holding all of the compo-
nents of x constant except one (call it x), and then sampling as a function of x alone.
In other words, it is the distribution that you see when you “drill through” �.x/
along a coordinate direction, and with fixed values of all the other coordinates. We’ll
denote a full conditional distribution by the notation �.x jx�/, where x� means
“values of all the coordinates except one.” (To keep the notation readable, we are
suppressing an index i that would tell which component of x is x.)

Suppose that we construct a Metropolis-Hastings chain that allows only the one
coordinate x to vary. Then equation (15.8.5) would look like this:

˛.x1; x2c jx�/ D min
�
1;
�.x2c jx�/ q.x1jx2c ;x�/
�.x1jx�/ q.x2c jx1;x�/

�
(15.8.8)
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close to one or zero; but if the voltage is only t D 0:5 (say) standard deviations
away from zero, we may want to assign a probability of 0.6915 to one more favored
outcome, and 0.3085 to the less favored, since

1p
2�

Z 0:5

�1
e�z2=2dz � 0:6915 (16.2.3)

(By the end of this section we will be more sophisticated about the notion of assign-
ing probabilities to transitions.)

The second great idea is that the problem of finding the maximum likelihood
path through a trellis — that is, the path with the maximum product of the prob-
abilities at each stage — is just a dynamic programming problem, where the cost
of traversing an edge whose probability is p is taken as � log.p/, a positive num-
ber, since 0 � p � 1. The minimum cost path, with this metric, is the maximum
likelihood path. In each stage, all the 0 edges (dotted lines in the figure) get one
probability, and all the 1 edges (solid lines) get its complement. The edge probabili-
ties can, and in general will, vary with each bit received (that is, from stage to stage),
since the noise and path loss can vary with time.

Take these two ideas together and you have soft-decision decoding using the
Viterbi algorithm.

The following tableau decodes one codeword for the shortened Hamming .6; 3/
code given above. In this example, five of the six bits are received fairly unambigu-
ously, while one bit (the second) is seen to be rather ambiguous. Nevertheless, the
algorithm treats all bits equally “softly.” Reviewing �10.13 as necessary, you should
be able to see where all the numbers in the tableau come from, as well as how the
darker path (which is the final “hard” decision for the codeword 011011) is obtained
by backtracking. Given the appropriate cost function, the routine dynpro in �10.13
does exactly this calculation.

Prob(0)  =  
Prob(1)  =  .03

.9 7
.38
.6 2

.9 6

.04
.04
.9 6

.9 9

.01
.9 4
.06

3.5 0

0.03

3.9 8

0.9 9

4.47

0.5 0

1.04

4.03

0.5 5

3.72

1.08

7.24

3.77

3.77

1.09

3.78
1.150.00

–l og [Prob(0) ]  =
–l og [Prob(1) ]  = 3.5 0

0.03
0.9 6
0.47

0.05
3.22

3.21
0.04

0.01
4.6 1

0.06
2.8 1

You might have the “bright idea” of converting the final minimum path length,
1.15 in the above example, into a probability by taking its negative exponential. The
result is 0.3166. Does this mean that you’ll get the right codeword only 31% of the
time? No! Go stand in the corner! You are confusing likelihood with probability.
The likelihoods of all eight codewords (not found by the DP algorithm, but computed
exhaustively) are, for this example,
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Figure 16.3.1. Example of a Markov model. Transitions occur between states along the directed edges
shown. Each outgoing edge is labeled by its probability. The sum of the probabilities on the outgoing
edges from each state is 1. This model is called “Teen Life.”

16.3 Markov Models and Hidden Markov
Modeling

Trellises, like those in �16.2, are directed graphs without any loops, so a path
that begins at the leftmost node inevitably ends, after a finite number of stages, at
the rightmost node. The more general Markov model lives on a graph that can have
loops (as in Figure 16.2.1), so some paths can continue indefinitely. Indeed, as a
convention, one can add a self-loop (a directed edge connecting a state to itself) to
any state that would otherwise have “no way out.” Then, all paths can be continued
indefinitely, even those whose fate is to remain stuck in a single state.

To turn such a directed graph into a Markov model (also known as a Markov
chain or first-order Markov process), we simply label all of its edges with transition
probabilities, such that the sum of probabilities over the outgoing edges from each
node is 1. Figure 16.3.1 shows an example, a Markov model with five states, that we
call “Teen Life.”

A single realization of a Markov model is a random path that moves from state
to state according to the model’s probabilities. These are conveniently organized into
a transition matrix A whose element Aij is the probability associated with an i ! j

transition, that is, the probability of moving to state j , given state i as the starting
point. A valid transition matrix satisfies

0 � Aij � 1 and
X

j

Aij D 1 (16.3.1)

The transition matrix for Teen Life (Figure 16.3.1) is

A D

0
BBBB@

0 0:7 0:1 0 0:2

0:2 0:4 0 0:2 0:2

0 1:0 0 0 0

0 0:3 0 0:7 0

0:1 0:1 0 0 0:8

1
CCCCA

(16.3.2)

where the states are numbered in the order (Eat, Hang, Study, Talk, and Sleep).
A routine for generating a realization of a Markov model from itsM�M transi-

tion matrix, using the Ran structure of �7.1 to get random numbers, is straightforward.
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then correct the extrapolation using derivative information at the new point. These
are best for very smooth functions.

Runge-Kutta used to be what you used when (i) you didn’t know any better, or
(ii) you had an intransigent problem where Bulirsch-Stoer was failing, or (iii) you had
a trivial problem where computational efficiency was of no concern. However, ad-
vances in Runge-Kutta methods, particularly the development of higher-order meth-
ods, have made Runge-Kutta competitive with the other methods in many cases.
Runge-Kutta succeeds virtually always; it is usually the fastest method when evalu-
ating fi is cheap and the accuracy requirement is not ultra-stringent (. 10�10), or in
general when moderate accuracy (. 10�5) is required. Predictor-corrector methods
have a relatively high overhead and so come into their own only when evaluating
fi is expensive. However, for many smooth problems, they are computationally
more efficient than Runge-Kutta. In recent years, Bulirsch-Stoer has been replacing
predictor-corrector in many applications, but it is too soon to say that predictor-
corrector is dominated in all cases. However, it appears that only rather sophisti-
cated predictor-corrector routines are competitive. Accordingly, we have chosen not
to give an implementation of predictor-corrector in this book. We discuss predictor-
corrector further in �17.6, so that you can use a packaged routine knowledgeably
should you encounter a suitable problem. In our experience, the relatively simple
Runge-Kutta and Bulirsch-Stoer routines we give are adequate for most problems.

Each of the three types of methods can be organized to monitor internal consis-
tency. This allows numerical errors, which are inevitably introduced into the solu-
tion, to be controlled by automatic (adaptive) changing of the fundamental stepsize.
We always recommend that adaptive stepsize control be implemented, and we will
do so below.

In general, all three types of methods can be applied to any initial value problem.
Each comes with its own set of debits and credits that must be understood before it
is used.

Section 17.5 of this chapter treats the subject of stiff equations, relevant both to
ordinary differential equations and also to partial differential equations (Chapter 20).

17.0.1 Organization of the Routines in This Chapter
We have organized the routines in this chapter into three nested levels, enabling

modularity and sharing common code wherever possible.
The highest level is the driver object, which starts and stops the integration,

stores intermediate results, and generally acts as an interface with the user. There is
nothing canonical about our driver object, Odeint. You should consider it to be an
example, and you can customize it for your particular application.

The next level down is a stepper object. The stepper oversees the actual incre-
menting of the independent variable x. It knows how to call the underlying algorithm
routine. It may reject the result, set a smaller stepsize, and call the algorithm routine
again, until compatibility with a predetermined accuracy criterion has been achieved.
The stepper’s fundamental task is to take the largest stepsize consistent with specified
performance. Only when this is accomplished does the true power of an algorithm
come to light.

All our steppers are derived from a base object called StepperBase:
StepperDopr5 and StepperDopr853 (two Runge-Kutta routines), StepperBS and
StepperStoerm (two Bulirsch-Stoer routines), and StepperRoss and StepperSIE
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(for so-called stiff equations).
Standing apart from the stepper, but interacting with it at the same level, is an

Output object. This is basically a container into which the stepper writes the output
of the integration, but it has some intelligence of its own: It can save, or not save,
intermediate results according to several different prescriptions that are specified by
its constructor. In particular, it has the option to provide so-called dense output, that
is, output at user-specified intermediate points without loss of efficiency.

The lowest or “nitty-gritty” level is the piece we call the algorithm routine. This
implements the basic formulas of the method, starts with dependent variables yi at
x, and calculates new values of the dependent variables at the value x C h. The
algorithm routine also yields some information about the quality of the solution after
the step. The routine is dumb, however, in that it is unable to make any adaptive
decision about whether the solution is of acceptable quality. Each algorithm routine
is implemented as a member function dy() in its corresponding stepper object.

17.0.2 The Odeint Object
It is a real time saver to have a single high-level interface to what are otherwise

quite diverse methods. We use the Odeint driver for a variety of problems, notably
including garden-variety ODEs or sets of ODEs, and definite integrals (augmenting
the methods of Chapter 4). The Odeint driver is templated on the stepper. This
means that you can usually change from one ODE method to another in just a few
keystrokes. For example, changing from the Dormand-Prince fifth-order Runge-
Kutta method to Bulirsch-Stoer is as simple as changing the template parameter from
StepperDopr5 to StepperBS.

The Odeint constructor simply initializes a bunch of things, including a call
to the stepper constructor. The meat is in the integrate routine, which repeatedly
invokes the step routine of the stepper to advance the solution from x1 to x2. It also
calls the functions of the Output object to save the results at appropriate points.

template<class Stepper>odeint.h
struct Odeint {
Driver for ODE solvers with adaptive stepsize control. The template parameter should be one
of the derived classes of StepperBase defining a particular integration algorithm.

static const Int MAXSTP=50000; Take at most MAXSTP steps.
Doub EPS;
Int nok;
Int nbad;
Int nvar;
Doub x1,x2,hmin;
bool dense; true if dense output requested by

out.VecDoub y,dydx;
VecDoub &ystart;
Output &out;
typename Stepper::Dtype &derivs; Get the type of derivs from the

stepper.Stepper s;
Int nstp;
Doub x,h;
Odeint(VecDoub_IO &ystartt,const Doub xx1,const Doub xx2,

const Doub atol,const Doub rtol,const Doub h1,
const Doub hminn,Output &outt,typename Stepper::Dtype &derivss);

Constructor sets everything up. The routine integrates starting values ystart[0..nvar-1]
from xx1 to xx2 with absolute tolerance atol and relative tolerance rtol. The quantity
h1 should be set as a guessed first stepsize, hmin as the minimum allowed stepsize (can be
zero). An Output object out should be input to control the saving of intermediate values.
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else
relax2(u,*rho[j]);

}
}

}
};
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20.7 Spectral Methods
Spectral methods are a very powerful tool for solving PDEs. When they can

be used, they are the method of choice if you need high spatial resolution in multi-
dimensions. For a second-order accurate finite difference code in three dimensions,
increasing the resolution by a factor of 2 in each dimension requires eight times as
many grid points, and improves the error typically by a factor of 4. In a spectral code,
a similar increase in resolution often gives an improvement of a factor of 106. Even
for one-dimensional problems, spectral methods will amaze you with their power
and efficiency.

Spectral methods work well for smooth solutions. Discontinuities like shocks
are bad — don’t even try spectral methods. Even mild nonsmoothness (like a dis-
continuity in some high-order derivative of the solution) can spoil the convergence
of spectral methods. (Actually, getting spectral methods to work with discontinuities
and shocks is an active research area; see [1] for an introduction.)

The key difference between finite difference methods and spectral methods is
that in finite difference methods you approximate the equation you are trying to
solve, whereas in spectral methods you approximate the solution you are trying to
find. While finite differencing replaces the continuum equation by an equation on
grid points, a spectral method expresses the solution as a truncated expansion in a set
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of basis functions:

f .x/ ' fN .x/ D
NX

nD0
an�n.x/ (20.7.1)

Different choices of basis functions and methods of computing an give different
flavors of spectral methods.

20.7.1 Example
We illustrate the idea of spectral methods with an example. Consider the one-

sided wave equation (advective equation) in one dimension:

@u

@t
D @u

@x
(20.7.2)

with periodic boundary conditions on Œ0; 2�� and initial condition

u.t D 0; x/ D f .x/ (20.7.3)

You get the analytic spectral solution by expanding u in a Fourier series,

u.t; x/ D
1X

nD�1
an.t/e

inx (20.7.4)

Substituting this expansion into equation (20.7.2) gives

dan

dt
D inan (20.7.5)

with solution
an.t/ D an.0/eint (20.7.6)

You get an.0/ from the initial condition: Expand

f .x/ D
1X

nD�1
fne

inx (20.7.7)

from which you see that
an.0/ D fn (20.7.8)

For example, suppose

f .x/ D sin.� cosx/ (20.7.9)

which gives the analytic solution

u.t; x/ D sinŒ� cos.x C t /� (20.7.10)

The spectral coefficients in the solution (20.7.4) are

an.0/ D 1

2�

Z 2�

0

sin.� cos x/e�inxdx

D .�1/.n�1/=2Jn.�/; n odd (20.7.11)
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(a) (b)
Figure 21.4.6. Is a point inside a polygon? (a) For a simple polygon, either the winding number, or the
Jordan curve theorem (even or odd number of crossings of a ray) can be used. (b) For complex polygons,
there is no simple test.

check whether the counter is even or odd. But if polywind as written returns 0, it
must have encountered the same number of increments as decrements, hence an even
number of crossings. And if it returns˙1 (the only other possible value for a simple
polygon), it must similarly have encountered an odd number. So the two methods
are really the same.

What if your polygon is not simple? As Figure 21.4.6(b) illustrates, you are
in deep waters. Both the winding number method and the Jordan curve theorem
method will say that the upper point in the figure is inside the complex polygon
shown, and this seems intuitively correct. However, both methods will say that the
lower point is outside the polygon. Indeed, there are some self-consistent ways of
defining “insideness” for complex polygons that make this the case. The result is
so counterintuitive, however, as to be useless in most practical applications. It is
generally better just to avoid using the idea of “insideness” with complex polygons.

Classification of Polygons. We are now in a position to combine several of
the ideas already introduced into a function that classifies any polynomial as either
simple or complex, and (if it is simple) whether it is convex or concave, and whether
it is CCW (total winding number 1) or CW (total winding number �1).

Int ispolysimple(const vector< Point<2> > &vt) { polygon.h
Classifies a polygon specified by a vector of vertex points vt. Returns 0 if the polygon is complex
(has intersecting edges). Returns ˙1 if it is simple and convex. Returns ˙2 if it is simple and
concave. The sign of the returned value indicates whether the polygon is CCW (C) or CW (�).

Int i,ii,j,jj,np,schg=0,wind=0; Initialize sign change and winding number.
Doub p0,p1,d0,d1,pp0,pp1,dd0,dd1,t,tp,t1,t2,crs,crsp=0.0;
np = vt.size();
p0 = vt[0].x[0]-vt[np-1].x[0];
p1 = vt[0].x[1]-vt[np-1].x[1];
for (i=0,ii=1; i<np; i++,ii++) { Loop over edges.

if (ii == np) ii = 0;
d0 = vt[ii].x[0]-vt[i].x[0];
d1 = vt[ii].x[1]-vt[i].x[1];
crs = p0*d1-p1*d0; Cross product at this vertex.
if (crs*crsp < 0) schg = 1; Sign change (i.e., concavity) found.
if (p1 <= 0.0) { Winding number logic as in polywind.

if (d1 > 0.0 && crs > 0.0) wind++;
} else {

if (d1 <= 0.0 && crs < 0.0) wind--;
}
p0=d0;
p1=d1;
if (crs != 0.0) crsp = crs; Save previous cross product only if it has a

sign!}
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The volume Vn of the n-dimensional ball is equal to r=n times the area of the en-
closing sphere in n dimensions, and also has a simple recurrence,

V1 D 2r (length of line)
V2 D �r2 (area of circle)
� � �

Vn D r

n
Sn D 2�r2

n
Vn�2

(21.5.6)

Closed-form formulas require a gamma function,

Sn D 2�n=2

�.1
2
n/
rn�1

Vn D 2�n=2

n�.1
2
n/
rn

(21.5.7)

As n becomes large, the ratio of the volume of a ball to the volume of the
circumscribed (hyper-) cube rapidly becomes small,

Vn

2n
! 0; n!1 (21.5.8)

21.5.1 Picking a Random Point on the Sphere
You don’t get a random point on the sphere in n dimensions by picking uni-

formly random values for the n� 1 angles in equation (21.5.2), just as you don’t get
a random point on the Earth’s surface by throwing darts at a Mercator map (or any
other non-equal-area projection).

An elegant general method is to generate n independent, identically distributed,
normal (Gaussian) deviates of zero mean, say y0; : : : ; yn�1 (see �7.3), and then cal-
culate a point x on the unit sphere in n dimensions by

x D y

jyj (21.5.9)

or, in other words,

xi D yi
,p

n�1X

jD0
y2j (21.5.10)

This works because the spherically symmetric Gaussian distribution in n dimensions
trivially factorizes into a product of independent one-dimensional Gaussians. If you
want a random point inside the enclosed n-volume, generate an additional uniform
random deviate u in Œ0; 1� and calculate the point’s coordinates as

xi D u1=n yi
,p

n�1X

jD0
y2j (21.5.11)

You can of course scale to any other radius of sphere.




