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• The multivariate normal distribution
– completely defined by its mean (vector) and covariance (matrix)
– therefore, trivial to “fit” to a bunch of sample points
– also easy (e.g. in Matlab) to sample from

• Brief digression on spliceosomes
– explain the weird exon length distribution that we’ve previously seen

• Relation of fitted covariance matrix to linear correlation matrix
– statistical significance of a correlation

• but, note, uses CLT
• How to generate multivariate normal deviates

– Cholesky decomposition of the covariance matrix
• A related Cholesky trick: draw error ellipses corresponding to a 

given covariance matrix
• Can there be a significant correlation that is not a “real 

association”
– no, there can’t be

• if CLT applies
• or, if CLT doesn’t apply, if you compute significance correctly
• e.g., by permutation test

Unit 9: Working with Multivariate Normal Distributions (Summary)
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New topic: the Multivariate Normal Distribution

Generalizes Normal (Gaussian) to M-dimensions
Like 1-d Gaussian, completely defined by its mean and (co-)variance
Mean is a M-vector, covariance is a M x M matrix

Because mean and covariance are easy to estimate from a data set, it is easy 
– perhaps too easy – to fit a multivariate normal distribution to data.

Σ = h(x− μ)⊗ (x− μ)iμ = hxi

g = readgenestats('genestats.dat');
ggg = g(g.ne>2,:);
which = randsample(size(ggg,1),1000);
iilen = ggg.intronlen(which);
i1len = zeros(size(which));
i2len = zeros(size(which));
for j=1:numel(i1len), i1llen(j) = log10(iilen{j}(1)); end;
for j=1:numel(i2len), i2llen(j) = log10(iilen{j}(2)); end;
plot(i1llen,i2llen,'+')
hold on

Sample the sizes of 1st and 2nd introns for 1000 genes:
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notice the biology!

This is kind of fun, because it’s not just the usual featureless scatter plot

Is there a significant correlation here?  (Yes, we’ll see.)
(Do you think the correlation could be only from the biological censoring of low values, 
and not be a “real association”?)
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credit: Alberts et al.
Molecular Biology of the Cell

Biological digression:

The hard lower bounds 
on intron length are 
because the intron has to 
fit around the “big”
spliceosome machinery!

It’s all carefully arranged 
to allow exons of any 
length, even quite small.

Why?  Could the 
spliceosome have 
evolved to require a 
minimum exon length, 
too?  Are we seeing 
chance early history, or 
selection?
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mu = mean([i1llen; i2llen],2)
sig = cov(i1llen,i2llen)
mu =

3.2844
3.2483

sig =
0.6125    0.2476
0.2476    0.5458

rsamp = mvnrnd(mu,sig,1000);
plot(rsamp(:,1),rsamp(:,2),'or')
hold off

We can easily sample from the fitted multivariate Gaussian:

By the way, if renormalized, the covariance 
matrix is the linear correlation matrix:
r = sig ./ sqrt(diag(sig) * diag(sig)')
tval = sqrt(numel(iilen))*r
r =

1.0000    0.3843
0.3843    1.0000

tval =
31.6228   12.1511
12.1511   31.6228

[rr p] = corrcoef(i1llen,i2llen)
rr =

1.0000    0.3843
0.3843    1.0000

p =
1.0000    0.0000
0.0000    1.0000

statistical significance of the correlation in 
standard deviations (but note: uses CLT)

Matlab has built-ins
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How to generate multivariate normal deviates:

So, just take: and you get a multivariate normal deviate!
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A related, useful, Cholesky trick is to draw error ellipses (ellipsoids, …)

So, locus of points at 1 standard deviation is

If z is on the unit circle (sphere, …) then

function [x y] = errorellipse(mu,sigma,stdev,n)
L = chol(sigma,'lower');
circle = [cos(2*pi*(0:n)/n); sin(2*pi*(0:n)/n)].*stdev;
ellipse = L*circle + repmat(mu,[1,n+1]);
x = ellipse(1,:);
y = ellipse(2,:);

plot(i1llen,i2llen,'+b');
hold on
[xx yy] = errorellipse(mu,sig,1,100);
plot(xx,yy,'-r');
[xx yy] = errorellipse(mu,sig,2,100);
plot(xx,yy,'-r')
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plot(i1llen,i2llen,'+b')
hold on
plot(i1llen(randperm(numel(i1llen))),i2llen,'+r');

1. The theorem that r is ~ normal (around zero) for independent distributions is 
a CLT and doesn’t depend on the individual distributions (as long as they 
have suitably convergent moments and the number of data points is large)

2. It’s clear for our example data if you plot even one random permutation:

3. In case of any lingering doubt, you 
could use brute force:  do the 
permutation test and plot the 
histogram of r values.  You’ll 
recover the CLT result.

A few slides back, I put out the red herring that there could be a correlation r that 
wasn’t a “real association” but instead came from weirdness in the individual 
distributions.  I was being a provocateur.  It can’t be so:


